Abstract. We prove a bound for the L 2 -norm of harmonic forms in terms of certain L p -norms of their normal and tangential components. In turn, this is used to show the L 2 -norm equivalence of the normal and tangential components of harmonic forms on manifolds.
Introduction and statement of results
This note answers a question arising from discussion sparked between the authors during the Lexington, KY meeting of the AMS (#890) on March 18-19, 1994. The problem we discuss here originates in the study of the Maxwell system on manifolds (cf. [JM94] , [Mit94] ).
Specifically, we shall prove the norm equivalence of the tangential and the normal components of a harmonic form h of degree 1 ≤ l ≤ n − 1 (i.e. an l-form such that dh = d * h = 0) on an n-dimensional manifold M . For the duration of this note M will be a smooth, oriented, Riemaniann, compact manifold with boundary ∂M for which the deRham cohomology on M of degree l and on ∂M of degree l − 1 are trivial (e.g. closed Euclidean balls). Also, the terms form and C ∞ -smooth form will be regarded as synonymous. This convention simplifies the citations from the literature and introduces no loss of generality since the results will be applied to harmonic forms which are, of course, C ∞ -smooth. To explain how this relates to more classical results in Harmonic Analysis, assume that (u, v) are two conjugate harmonic functions in the upper-half plane which decay at infinity. Then udx and vdy are the tangential and the normal components of the harmonic form h := udx + vdy. Recalling that H : u → v is the classical Hilbert transform, the next theorem can be regarded as a generalization of the boundedness of H on L 2 (∂R 2 + ).
Theorem 1.1. There exists C > 0 such that for any harmonic form h of degree
where h T , h N are the tangential and normal components of h, respectively.
This also extends well known results of Jerison, Kenig and Verchota concerning the L 2 -norm equivalence of the normal and tangential derivative of harmonic functions in R n (cf. also [Mit94] ). One of the major ingredients in the proof of this theorem is estimating the interior L 2 -norm of a harmonic form in terms of its boundary normal and tangential components. Since this presents independent interest, we state here a more general version than the one we shall actually use.
Theorem 1.2. There exists C > 0 such that for any harmonic form h of degree
As an illustration of this last result we also give
Corollary 1.3. For n > 2 and any harmonic form
In particular,
The importance of these estimates resides in the fact that 1 < 2(n − 1)/n < 2 when 2 < n < ∞. They are also relevant for the uniqueness part in the Dirichlet and Neumann problems for harmonic forms (i.e. determining a harmonic form h on M having a prescribed tangential and normal, respectively, component on ∂M ).
Let us also mention that our results can be further refined when M is the closure of a bounded Lipschitz domain in R n . Then h can only be defined in the interior of M , with its nontangential maximal function in some appropriate L p (∂M ), and the boundary traces can be taken in the sense of nontangential convergence (cf. [Ken86] ). In this case, all constants will depend only on the Lipschitz character of the domain.
Preliminaries
Letting ∧ l M denote the space of l-forms on M , we recall the exterior derivative
as well as the Hodge star operator * :
For an arbitrary form u on M , we define the tangential component of u on ∂M by
where T M denotes the tangent bundle over M and π : T M| ∂M → T (∂M ) denotes fibrewise orthogonal projection. We emphasize here that the vector fields X 1 , . . . , X n have values in T M| ∂M = T (∂M ) and need only be defined on ∂M . However, when X 1 , . . . , X n take values only in T (∂M ), we have
The normal component of u on ∂M is, of course, given by u N := u − u T on ∂M .
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Denoting the Hodge codifferential operator d * = (−1) n(n−l)+1 * d * , we recall the integration by parts formula
Also, we will require a Gaffney type inequality. Several of these are exposed by Iwaniec, Scott and Stroffolini [ISS94] and we paraphrase one here.
Lemma 2.1. There exists a constant
Also useful will be the following formulation of the Sobolev Imbedding Theorem (see Scott [Sco93] ).
Lemma 2.2. There is a constant
where u is any l-form (l = 0, 1, . . . , n − 1) on ∂M and p * = 
for every harmonic form h.
The proofs of the results
We first deal with Theorem 1.2. Let h be a harmonic l-form on M with 1 ≤ l ≤ n − 1. By hypothesis, h may be written as h = du for some (l − 1)-form u. Notice that we may subtract from u a closed form v on M without altering the validity of
The last inequality follows by Lemma 2.2 since the hypothesis n−1 n−2 < p < ∞ ensures that 1 <p < n − 1. At this point, we exercise the freedom to choose v on M so that the estimate in Lemma 2.1 holds. Since this is possible thanks to Lemma 2.3, we may now continue our estimates with
This concludes the proof of the Theorem 1.2. Note that, without invoking Lemma 2.1 and Lemma 2.2, the above reasoning also gives the rougher estimate
As for Corollary 1.3, we shall choose a suitable p. Solving q =p gives
when n ≥ 3, as desired. The last part of the corollary follows simply from the observation that |h T | ≤ |h| and |h N | ≤ |h|. Finally, turning our attention to the proof of Theorem 1.1, we first notice that one can construct a smooth vector field θ on M so that 0 < C ≤ θ, N on ∂M . With this at hand, (2.2) and (3.1) yield Choosing small enough and absorbing the small term into the left hand side, we get h 2,∂M ≤ C h N 2,∂M .
Using this and Hodge duality, we also obtain h 2,∂M ≤ C h T 2,∂M .
The proof of Theorem 1.1 is therefore complete.
